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It has been shown that long-range p-wave superconductivity in a Kitaev chain can be engineered
via an ac field with a high frequency [Benito et al., Phys. Rev. B 90, 205127 (2014)]. For its
experimental realization, however, theoretical understanding of Floquet engineering with a broader
range of driving frequencies becomes important. In this paper, focusing on the ac-driven tunneling
interactions of a Kitaev chain, we investigate effects from the leading correction to the high-frequency
limit on the emergent p-wave superconductivity. Importantly, we find new engineered long-range
p-wave pairing interactions that can significantly alter the ones in the high-frequency limit at long
interaction ranges. We also find that the leading correction additionally generates nearest-neighbor
p-wave pairing interactions with a renormalized pairing energy, long-range tunneling interactions,
and in particular multiple pairs of Floquet Majorana edge states that are destroyed in the high-
frequency limit.
PACS numbers: 03.67.Lx, 75.10.Pq, 03.65.Vf
I. INTRODUCTION
The Floquet engineering, being a promising quantum
engineering and quantum control technology, has at-
tracted much attention in recent years. Its main idea is to
design appropriate time-periodic driving protocols to en-
gineer properties of a time-independent effective Hamil-
tonian that governs the time evolution of periodically
driven quantum systems. Besides usual properties anal-
ogous to their static counterparts, Floquet quantum sys-
tems possess additional unique features that result from
the periodicity of their quasienergy spectrum. Given
the versatility of driving protocols, Floquet engineering
opens up new possibilities for exploring and observing
exotic phenomena unreachable in static systems1–15. For
example, this technique has been employed to realize dy-
namical localization16–18, photon-assisted tunneling19–21,
and novel topological band structures22–29.
A promising quantum system for implementing Flo-
quet engineering is a Kitaev chain. It is a one-
dimensional p-wave superconducting wire supporting
Majorana zero modes at its ends30 and can potentially be
realized in realistic quantum systems such as a quantum
nanowire31–37. Similar to the static case, a driven Ki-
taev chain hosts end states called Floquet Majorana zero
modes which may realize fault-tolerant quantum compu-
tation38,39 and also provide a new way to detect these
elusive Majorana states5,40.
Interestingly, a very recent work has demonstrated
that long-range p-wave superconductivity (or equiva-
lently long-range many-body spin interactions) can be
engineered by periodically driving the tunneling inter-
actions in a Kitaev chain29. It has been shown for ex-
ample that the generated next-neighbor interactions be-
come comparable to the first-neighbor interactions as the
driving amplitude increases29. These interesting observa-
tions, however, are based on the high driving frequency
limit. A thorough understanding of Floquet engineer-
ing with a broader range of driving frequencies is im-
portant for the experimental realization of the effective
long-range p-wave superconductivity.
In this paper, we consider a driving protocol where
the tunneling interactions of a Kitaev chain are modu-
lated by an ac field. We focus on the leading correction
to the high-frequency limit. We find that the leading
correction results in long-range p-wave pairing interac-
tions with interaction strengths depending nontrivially
on the driving amplitude and frequency of the applied ac
field. Compared with the ones corresponding to the high-
frequency limit, these new interactions become impor-
tant when the interaction range increases. We also find
that the long-range tunneling interactions, the nearest-
neighbor pairing interactions, and multiple Floquet Ma-
jorana edge states can now be engineered with the leading
correction. We believe that our results are important for
the experimental realization of Floquet-engineered long-
range p-wave pairing interactions and tunneling interac-
tions. They also provide new insights about the quantum
engineering of new exotic phases in realistic quantum sys-
tems.
This paper is organized as follows. In Sec. II, we in-
troduce a model of a time-dependent Kitaev chain. In
Sec. III, we present our driving protocol by consider-
ing periodically driven tunneling interactions of a Kitaev
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2chain and derive an effective time-independent Hamilto-
nian. In Sec. IV, we illustrate the important role that
the leading correction plays in the engineered long-range
pairing interactions. In Sec. V, we demonstrate that mul-
tiple Floquet Majorana edge states could be engineered
when corrections to the high driving frequency limit are
included. Discussions and conclusions are finally given in
Sec. VI.
II. THE MODEL
The model under our consideration is a Kitaev chain30
with tunneling interactions which are periodically driven
via, for example, gate voltages applied on a quantum
wire. The Hamiltonian of this time-dependent Kitaev
chain reads29
H (t) =
µ
2
N∑
j=1
(2f†j fj − 1)−
N∑
j=1
w(t)
2
(f†j fj+1 + f
†
j+1fj)
−
N∑
j=1
∆
2
(f†j f
†
j+1 + fj+1fj), (1)
where µ and ∆ are chemical potential and pairing energy,
respectively, while w(t) is the time-dependent tunneling
strength. f†j (fj) is a fermionic operator that creates
(annihilates) a fermion on the jth site. N is the num-
ber of the sites. The lattice spacing will be set to unity
throughout the paper. This model becomes the well-
known Kitaev chain if the Hamiltonian in Eq. (1) does
not depend on time.
Consider the periodic boundary condition fN+1 = f1
and apply the discrete Fourier transformation, fk =
1√
N
∑
j fje
−ikj , Eq. (1) gives the reciprocal-space Hamil-
tonian
H(t) =
∑
k>0
Ψ†kHk(t)Ψk, (2)
where Ψ†k = (f
†
k , f−k) is a two-component operator and
Hk(t) is the Bogoliubov-de Gennes (BdG) Hamiltonian
in the Nambu space given by
Hk (t) = [µ− w˜(t)]σzk + ∆˜σyk . (3)
Here σ
y(z)
k is the Pauli matrix, w˜(t) = w(t) cos k, and
∆˜ = ∆ sin k. For a static Kitaev chain with w(t) ≡ w0, it
is known that there is a topological nontrivial phase when
µ < w0 and a trivial phase if µ > w0 given that ∆ >
030. For a dynamical Kitaev chain with the tunneling
interactions being periodically driven by an ac field in
the limit of a high driving frequency, it has been shown
that an interesting effective model with a long-range p-
wave superconductivity (or long-range many-body spin
interactions) can be generated29.
III. DRIVING PROTOCOL AND EFFECTIVE
HAMILTONIAN OF LONG-RANGE P-WAVE
SUPERCONDUCTIVITY
In this section, we present our driving protocol and de-
rive an effective time-independent Hamiltonian in a ro-
tated reference frame29 which allows the characterization
of different topological phases. Specifically, it is an ac
field applied to the tunneling strength in Eq. (1) given
by
w(t) = w0 +
w1
2
cos(ωt), (4)
with w0 being a constant, w1/2 the driving amplitude,
and ω the driving frequency. Then the BdG Hamiltonian
given by Eq. (3) becomes
Hk (t) = {µ− [w0 + w1
2
cos(ωt)] cos k}σzk + ∆ sin kσyk .
(5)
To obtain a simple effective time-independent Hamil-
tonian, we need to find a suitable rotating frame. We
define
S†k = e
−iw12ω sin(ωt) cos kσzk , (6)
so that Eq. (5) is transformed as
H˜k (t) = S
†
k(t)Hk(t)Sk(t)− iS†k(t)
∂Sk(t)
∂t
, (7)
which gives
H˜k(t) = [µ− w0 cos k]σzk
−i∆ sin kσ+k e−i
w1
ω sin(ωt) cos k
+i∆ sin kσ−k e
i
w1
ω sin(ωt) cos k. (8)
By using the Jacobi-Anger expansion
eiz sin θ =
∞∑
n=−∞
Jn(z)einθ (9)
with Jn (x) being the nth-order Bessel function of the
first kind, the Hamiltonian H˜k(t) becomes
H˜k(t) =
∞∑
p=−∞
H˜k,pe
ipωt, (10)
where the Fourier components are given by
H˜k,p = (µ− w0 cos k)σzkδp,0 − i∆ sin kσ+k J−p
+i∆ sin kσ−k Jp, (11)
with
J±p ≡ J±p
(w1
ω
cos k
)
. (12)
3Then one can define the one-period time-evolution op-
erator U (T, 0) = e−iH˜
eff
k T with the period T = 2pi/ω
and a time-independent effective Hamiltonian H˜effk . Us-
ing the Magnus expansion41 and Eq. (11), the effective
Hamiltonian is expressed as a power series expansion in
1/ω7–9,12, namely
H˜effk = H˜k,0 +
1
ω
[H˜k,0, H˜k,1]− 1
ω
[H˜k,0, H˜k,−1]
− 1
ω
[H˜k,−1, H˜k,1] + · · · . (13)
The convergence condition for the expansion is
∫ T
0
‖
H˜k(t) ‖ dt < pi where ‖ · · · ‖ denotes the Euclidean
norm29,41,42.
The previously considered high-frequency limit corre-
sponds to ω →∞ in Eq. (13) or equivalently taking only
the p = 0 term in Eq. (10). In contrast, we also include
the leading correction by considering all four terms on
the right-hand side of Eq. (13) and obtain an effective
BdG Hamiltonian (see Appendix A)
H˜effk =
(
µ− w0 cos k + 4J0J1
ω
∆2 sin2 k
)
σzk
+
[
(J0 − 4µ
ω
)∆ sin k +
2w0J1
ω
∆ sin(2k)
]
σyk .
(14)
Here J0 and J1 are given by Eq. (12). This effective
Hamiltonian in Eq. (14) reduces to Eq. (31) of Ref. 29
in the high-frequency limit. It contains in particular a
pairing term which reads, after summing over the Fourier
modes [see also Eq. (A12) in Appendix A],
V = −i
∑
k>0
{
(J0 − 4µ
ω
)∆ sin k
+
2w0J1
ω
∆ sin(2k)
}
(f†kf
†
−k − f−kfk). (15)
To have a better understanding of this effective Hamil-
tonian, it will be converted to the real space by perform-
ing the inverse Fourier transformation. This is however
non-trivial due to the k-dependent argument of the Bessel
functions. We thus first evaluate the Bessel functions by
using the expansions43,44
J0 =
∞∑
m=0
(−1)m
(m!)2
(
w1 cos k
2ω
)2m
, (16)
J1 =
∞∑
m=0
(−1)m
m!(m+ 1)!
(
w1 cos k
2ω
)2m+1
, (17)
J0J1 =
∞∑
m=0
(−1)m (2m+ 1)
[m!(m+ 1)!]2
(
w1 cos k
2ω
)2m+1
.(18)
After substituting into Eq. (14) and performing some
simplifications, the effective BdG Hamiltonian becomes
H˜effk =
[
µ− w0 cos k +
∞∑
m=0
2m+3∑
r=1,3,···
2C1D1 cos(kr)
]
σzk
+
 ∞∑
m=0
2m+1∑
r′=1,3,···
2C2D2 sin(kr′)− 4µ∆
ω
sin k
+
∞∑
m=0
2m+3∑
r=1,3,···
2C3D3 sin(kr)
]
σyk , (19)
where
C1 = 2Cm−
r−1
2
2m+1 − Cm−
r−3
2
2m+1 − Cm−
r+1
2
2m+1 , (20)
C2 = Cm−
r′−1
2
2m − Cm−
r′+1
2
2m , (21)
C3 = Cm−
r−3
2
2m+1 − Cm−
r+1
2
2m+1 , (22)
and
D1 = ∆
2
ω
(−1)m(2m+ 1)
[m!(m+ 1)!]2
(w1
4ω
)2m+1
, (23)
D2 = (−1)
m∆
2(m!)2
(w1
4ω
)2m
, (24)
D3 = w0∆
ω
(−1)m
m!(m+ 1)!
(w1
4ω
)2m+1
. (25)
Here, Cba with b > 0 is a binomial coefficient and C
−1
2m+1 =
C−22m+1 = C
−1
2m = 0. Besides the original cos k-dependent
term, the coefficient of σzk in Eq. (19) now attains other
terms involving cos(kr). It will be evident from the
real-space Hamiltonian to be derived below that those
with r > 1 imply long-range tunnelings. In addition,
the σyk term in Eq. (19) clearly demonstrates effective
superconducting pairing interactions with coefficients
4µ∆ sin k/ω, 2C2D2 sin(kr′), and 2C3D3 sin(kr). Being
independent of 1/ω, the term involving 2C2D2 sin(kr′)
was previously obtained in the high-frequency limit (i.e.,
ω → ∞)29. However, those involving 4µ∆ sin k/ω and
2C3D3 sin(kr) are proportional to 1/ω and represent the
leading corrections to the high frequency limit. In partic-
ular, terms involving 2C3D3 sin(kr) provide a correction
to those of 2C2D2 sin(kr′).
Here are several remarks. From Eqs. (23) and (25),
it is clear that the reported D1 and D3 depend on the
amplitude w1, the frequency ω of the driving field and the
pairing energy ∆. These nontrivial dependences on the
applied electric field may provide flexible controllability.
For ω → ∞, D1, D2 and D3 in general vanish, with a
notable exception that D2 = ∆/2 at m = 0.
We now perform an inverse Fourier transformation to
Heff =
∑
k>0 Ψ
†
kH˜
eff
k (t)Ψk with H˜
eff
k given by Eq. (19)
4FIG. 1: The superconducting pairing strength (a) hr/∆ and
(b)-(g) gr′/∆ (dashed curves) without correction and Gt/∆
(solid curves) with correction for different interaction ranges
r, t, r′ ∈ {1, 3, 5, 7, 17, 19}. The parameters are w0 = 0.038w1
and µ = 0.002w1.
and obtain
H˜eff =
∑
j
{µ
2
(2f†j fj − 1)−
w0
2
(f†j fj+1 + f
†
j+1fj)
+
2µ∆
ω
(f†j f
†
j+1 + fj+1fj)
+
∞∑
m=0
2m+3∑
r=1,3,···
C1D1(f†j fj+r + f†j+rfj)
−
∞∑
m=0
2m+1∑
r′=1,3,···
C2D2(f†j f†j+r′ + fj+r′fj)
−
∞∑
m=0
2m+3∑
r=1,3,···
C3D3(f†j f†j+r + fj+rfj)
}
. (26)
The first two terms in the curly brackets representing
the on-site chemical potential and nearest-neighbor tun-
nelings, are the same as those in the static counterpart
of Eq. (1). The fifth term involving C2D2 includes long-
range p-wave pairing interactions, e.g., f†j f
†
j+r′ (r
′ =
3, 5, · · · , 2m+1) and is also present in the high-frequency
limit29.
We now focus on new correction terms of leading or-
der 1/ω. One is the third term in the curly brackets in
Eq. (26). It represents nearest-neighbor superconduct-
ing pairing with a renormalized pairing energy 2µ∆/ω
that depends on the driving frequency ω in contrast to
a constant bare value of ∆/2 in Eq. (1). The other is
the fourth term representing both engineered nearest-
neighbor (r = 1) and long-range (r ≥ 3) tunneling f†j fj+r
with a strength C1D1/4. More interestingly, the sixth
term involving C3D3f†j f†j+r/2 (r = 1, 3, · · · , 2m + 3) is
the leading correction to the p-wave pairing. These new
long-range pairing corrections can both enhance or re-
duce the pairing interaction strength as demonstrated
below. Finally, we emphasize that these corrections are
all proportional to 1/ω or its powers and vanish in the
high frequency limit.
IV. LONG-RANGE P-WAVE PAIRING
To illustrate that corrections to the high-frequency
limit can play an important role in the engineered long-
range p-wave superconductivity, we now analyze in de-
tail the pairing strength. Given an interaction range
t, the pairing term in Eq. (19) can be written as V =∑
tGt sin(kt)σ
y
k with
Gt = f1δ1,t + gr′δr′,t + hrδr,t, (27)
where
f1(µ) = −4µ∆
ω
, (28)
gr′(w1) =
∞∑
m=0
2C2D2, (29)
hr(w1) =
∞∑
m=0
2C3D3. (30)
Here t, r′, r ∈ {1, 3, · · · }. Note that gr′(w1) is the only
non-vanishing term in the high frequency limit and is
identical to the previous result in Ref. 29. In contrast, f1
and hr in Eqs. (28) and (30) respectively are corrections
reported for the first time in this paper. In particular,
hr(r > 1) denotes the long-range pairing correction, at
which we are particularly interested.
Figure 1(a) shows that the correction hr is negligible
for small values of w1/ω  1. However, with the increase
of w1/ω, the individual terms |hr| increase and further
show damping oscillations. The impacts due to the cor-
rections hr and f1 are further illustrated in Figs. 1(b)-
(g) that show the superconducting pairing strengths Gt
and gr′ with and without corrections, respectively. For
5FIG. 2: Schematic diagram of Floquet Majorana edge states. The dominant interaction term and the resulting edge states
are (a) iγ2j−1γ2j and no edge states, (b) iγ2jγ2j+1 and (γ1, γ2N ), (c) iγ2j−1γ2j+2 and (γ2, γ2N−1), (d) iγ2jγ2j+2r−1 and
(γ2l−1, γ2N−2(l−1)), and (e) iγ2j−1γ2j+2r and (γ2l, γ2N−(2l−1)) with 1 ≤ l ≤ r and r = 1, 3, · · · . In order to illustrate the
long-range p-wave pairing (r > 1), here we consider r = 3 and at least 2N = 18 sites. Note that (a), (b), and (c) also appear
for a Kitaev chain with appropriate parameters even without applying an ac field. The box is used to distinguish a decoupled
zero-energy Majorana.
the nearest-neighbor pairing interaction with t = r′ = 1
in Fig. 1(b), G1 shows a damping washboard behavior
and changes from positive to negative in addition to ex-
hibiting damping oscillations, in contrast to g1 which ap-
proaches to zero. Importantly, for the long-range pairing,
e.g., t, r′ ≥ 3 in Figs. 1(c)-(g), it is shown that the de-
viation of gr′ from Gt becomes significant when increas-
ing the interaction length, indicating the importance of
the correction at long interaction ranges. For example,
we clearly observe shifted extremum points and also en-
hanced magnitudes as the range increases from 7 to 19 in
Figs. 1(e) and (g), respectively. It is also shown that long-
range pairing interactions Gt(t > 1) attain magnitudes
comparable to or beyond that of G1 for w1/ω & 1. In-
terestingly, we also find that there are regimes where one
long-range pairing strength can be larger than that of the
other ranges, e.g., |G7| > |Gt| (t 6= 7), implying the pos-
sibility of the engineering of a predominantly arbitrarily-
ranged pairing interaction. In a nutshell, the long-range
pairing corrections are crucial for any detectable long-
range p-wave superconductivity.
V. FLOQUET MAJORANA EDGE STATES
Although the long-range p-wave pairing was reported
previously in the limit of a high driving frequency (i.e.,
ω → ∞), edge states and their observability were not
discussed29. In this section, we are going to show that
the leading correction of order 1/ω gives rise to multiple
pairs of Floquet Majorana edge states which, however,
are destroyed in the high-frequency limit.
Considering open boundary conditions and applying
Majorana operators
γ2j−1 = fj + f
†
j , γ2j = −i(fj − f†j ), (31)
Eq. (26) is represented as
H˜eff =
∑
j
{µ
2
iγ2j−1γ2j +
w0ω − 4µ∆
4ω
iγ2jγ2j+1
−w0ω + 4µ∆
4ω
iγ2j−1γ2j+2
−
∞∑
m=0
[ 2m+3∑
r=1,3,···
(C1D1 − C3D3
2
iγ2jγ2j+2r−1
−C1D1 + C3D3
2
iγ2j−1γ2j+2r
)
−
2m+1∑
r′=1,3,···
C2D2
2
i
(
γ2jγ2j+2r′−1 + γ2j−1γ2j+2r′
)]}
.
(32)
A. High-frequency limit
In order to better understand the important role that
the leading correction plays in the generation of de-
6tectable Majorana edge states, let us first start with the
high-frequency limit. The above Hamiltonian in Eq. (32)
is further simplified to
˜˜Heff =
∑
j
{µ
2
iγ2j−1γ2j +
w0
4
i
(
γ2jγ2j+1 − γ2j−1γ2j+2
)
+
2m+1∑
r′=1,3,···
C2D2
2
i
(
γ2jγ2j+2r′−1 + γ2j−1γ2j+2r′
)]}
.
(33)
In the second term on the right-hand side of Eq. (33),
two Majoranas γ1 and γ2N that are absent from the in-
teraction iγ2jγ2j+1 [see Fig. 2(b)] are however coupled
via the interaction iγ2j−1γ2j+2 to γ4 and γ2N−3 [see
Fig. 2(c)], respectively. These couplings destroy the Ma-
joranas. Also, γ2 and γ2N−1 absent from iγ2j−1γ2j+2
[see Fig. 2(c)] are coupled via the interaction iγ2jγ2j+1
to γ3 and γ2N−2 [see Fig. 2(b)], respectively. Due to the
third term in Eq. (33), Majorana pairs (γ2l−1, γ2N−2(l−1))
with 1 ≤ l ≤ r′, i.e., γ1, γ3, · · · , γ2r′−1 on one end
of the chain and γ2N−2(r′−1), · · · , γ2N−2, γ2N on the
other end [see Fig. 2(d) where r′ = 3 and 2N = 18],
which are not coupled by iγ2jγ2j+2r′−1, are on the
other hand coupled by iγ2j−1γ2j+2r′ . Similarly, for
the interaction iγ2j−1γ2j+2r′ , we have Majorana pairs
(γ2l, γ2N−(2l−1)), namely, γ2, γ4, · · · , γ2r′ on one end and
γ2N−(2r′−1), · · · , γ2N−3, γ2N−1 on the other end as shown
in Fig. 2(e), which, however, are coupled by the interac-
tion iγ2jγ2j+2r′−1. The unavoidable destruction of Ma-
jorana edge states according to the above analysis essen-
tially results from the same strengths for two kinds of
interactions. When the second and third terms are com-
parable in magnitudes, it is possible to have two unequal
coupling strengths C2D2/2 + w0/4 and C2D2/2 − w0/4
with r′ = 1 for interactions iγ2jγ2j+1 and iγ2j−1γ2j+2,
respectively, implying that there would be a single Majo-
rana pair (γ1, γ2N ) or (γ2, γ2N−1) as indicated by the blue
dot in Fig. 3(a) [discussions about Fig. 3(a) are given be-
low]. As a result, in the high-frequency limit with equal
long-range interaction strengths (e.g., C2D2/2 for r′ > 1),
there cannot exist multiple pairs of Floquet Majorana
edge states.
B. Beyond the high driving frequency
We now go back to consider Eq. (32) that includes the
leading correction and therefore goes beyond the high
driving frequency limit. Let us first consider the second
and third terms inside the curly brackets in Eq. (32).
Performing similar analysis to that on Eq. (33), we know
that it is possible to have two Majorana edge states γ1
and γ2N if w0ω ≈ −4µ∆ or γ2 and γ2N−1 if w0ω ≈ 4µ∆,
as shown in Fig. 2(b) or (c) respectively. This sim-
ple condition for having Majoranas is based on the as-
sumption of negligible contributions from the fourth,
fifth and sixth terms with r = r′ = 1. When the
FIG. 3: The coupling strengths Ft and Gt for interactions
iγ2j−1γ2j+2t and iγ2jγ2j+2t−1 respectively as a function of
w1/ω. The blue dot in (a) indicates a single Floquet Majorana
pair while other dots represent the solutions to the equations
FtGt = 0 and Ft + Gt 6= 0 necessary for the existence of
multiple Majorana pairs. The green dot in (b) denotes the
existence of multiple pairs of Floquet Majorana states. We
take w0 = 0.028w1, µ = −0.01w1 in (a) and w0 = −0.021w1,
µ = −0.00001w1 in (b). Other parameter is ∆ = 0.028w1.
fourth and fifth terms including long-range interactions
(e.g., r ≥ 3) become dominant, there would be multi-
ple Majorana pairs (γ2l−1, γ2N−2(l−1)) if C1D1 ≈ −C3D3
and (γ2l, γ2N−(2l−1)) if C1D1 ≈ C3D3 (1 ≤ l ≤ r with
r = 1, 3, · · · , 2m+ 3).
Similar to the analyses above, we can extract from
Eq. (32) a general condition for the existence of Floquet
Majorana edge states. The coupling strengths for inter-
actions iγ2j−1γ2j+2t and iγ2jγ2j+2t−1 are defined by Ft
and Gt respectively, which are given by
Ft = Gt + Ft, (34)
Gt = Gt − Ft, (35)
where the pairing strength Gt is given by Eq. (27) and
the tunneling strength Ft is defined as
Ft = p1δ1,t + qrδr,t, (36)
7FIG. 4: The energy spectrum Eν of the effective Hamiltonian
[i.e., Eq. (26)] with N = 60 sites versus the index ν. We take
w1/ω = 0.001 in (a) and 6.989 in (b) corresponding to the blue
dot in Fig. 3(a) and the green dot in Fig. 3(b) respectively.
Other parameters are the same as those in Fig. 3.
with
p1 = −w0, (37)
qr(w1) =
∞∑
m=0
2C1D1. (38)
Therefore, Majorana edge states are indicated by the
solutions to equations FtGt = 0 and Ft + Gt 6= 0. If
Ft = 0 and µ |Gt| 6= 0, we have Majorana edge states
γ2l−1 and γ2N−2(l−1). Alternatively, if µ |Ft| 6= 0 and
Gt = 0, the edge states become γ2l and γ2N−(2l−1) with
1 ≤ l ≤ t.
Figure 3 shows how coupling strengths Ft and Gt vary
as w1/ω increases. We find that there are solutions
to the above-mentioned equations, i.e., FtGt = 0 and
Ft + Gt 6= 0, as indicated by dots in Fig. 3(a). The color
of the dot denotes the number of Floquet Majorana pairs
corresponding to the range of the p-wave pairing inter-
action. Figure 3(a) shows clearly that a single pair of
Majoranas i.e., (γ1, γ2N ) indicated by the blue dot ex-
ists in the high-frequency limit, i.e., w1/ω → 0. This
single Majorana pair is further confirmed by the zero-
energy modes of the effective Hamiltonian [i.e., Eq. (26)],
as demonstrated in Fig. 4(a), and also by the exponen-
tial decay of the spatial profile of Majorana operators in
Figs. 5(a1) and (a2). In addition, we find that multiple
Majorana pairs are not stable. For example, nine pairs of
Majoranas (γ2l, γ2N−(2l−1)) with 1 ≤ l ≤ 9 represented
by the purple dot in Fig. 3(a) would be destroyed by the
inevitable interaction e.g., iγ2jγ2j+1 (or iγ2j−1γ2j+2) due
to F9 < G1 (or F9 < |F1|) at the corresponding w1/ω.
In order to have stable Majorana pairs, an additional
condition e.g., |Gt| > |Gt′ | (t′ < t) and |Gt| > |Ft′′ |
(t′′ 6= t) when Ft = 0 or |Ft| > |Ft′ | (t′ < t) and
|Ft| > |Gt′′ | (t′′ 6= t) when Gt = 0 should be fulfilled. By
using parameters w0 = −0.021ω1 and µ = −0.00001w1
different from those in Fig. 3(a), it is shown in Fig. 3(b)
that the green dot indicates G5 = F3 = G1 = 0 and
F5 > |G3| > F1, implying that there might be five pairs
of Floquet Majorana states. Using the corresponding
driving field, i.e., w1/ω = 6.989 for the green dot, the en-
ergy spectrum of the effective Hamiltonian [i.e., Eq. (26)]
in Fig. 4(b) does show multiple Floquet Majorana pairs
with Eν ∼ 0.
To further support the existence of multiple pairs of
Floquet Majorana states, we calculate the spatial pro-
file i.e., ϕnN−i + (φ
n
N−i)
∗ and ϕnN−i − (φnN−i)∗ (i =
0, 1, 2, 3, 4 and n = 1, 2, · · · , N) of Majorana opera-
tors γn,+ =
∑
j [ϕ
n
j + (φ
n
j )
∗]fj + [φnj + (ϕ
n
j )
∗]f†j and
γn,− = −i
∑
j{[ϕnj − (φnj )∗]fj + [φnj − (ϕnj )∗]f†j }45. Here
ϕnj and φ
n
j are coefficients used to define the operators
ψn =
∑
j ϕ
n
j fj + φ
n
j f
†
j which together with ψ
†
n diag-
onalize the effective Hamiltonian in Eq. (26), namely,
H˜eff =
∑
nEn(ψ
†
nψn − ψnψ†n)/2. Figures 5(a1) and (a2)
show the spatial profile (i.e., ϕnN +(φ
n
N )
∗ and ϕnN−(φnN )∗
with N = 30) of a single Majorana pair corresponding to
the energy spectrum in Fig. 4(a) and the blue dot in
Fig. 3(a). In contrast to this well-known exponential de-
cay starting from the edges in Fig. 5(a1) and (a2), a non-
exponential decay of spatial profiles of Majorana opera-
tors is observed in Figs. 5(b1)-(f2). The Majorana edge
states for example localized at sites 2 and 59 decay to the
bulk as shown in Fig. 5(b1) and (b2) respectively. Note
that the revival behavior during the decay process in e.g.,
Fig. 5(d1) and (d2) is associated with a relatively large
deviation from an exact zero energy in Fig. 4(b). These
spatial profiles of Majorana operators could support the
existence of multiple pairs of Floquet Majorana states
as suggested already by zero-energy modes in the energy
spectrum in Fig. 4(b) and the green dot in Fig. 3(b).
It is expected that many more pairs of Majoranas could
also be achievable by choosing different parameters. We
emphasize that our reported conditions for the existence
of multiple Floquet Majorana edge states can be realized
by properly tuning the parameters such as the driving
frequency ω and the amplitude w1 of the applied ac field.
8FIG. 5: The spatial profile ϕnN−i + (φ
n
N−i)
∗ and ϕnN−i −
(φnN−i)
∗ with i = 0, 1, 2, 3, 4 and N = 60 of Majorana op-
erators γn,± versus the lattice index n. (a1) and (a2) are for
a single Majorana pair corresponding to zero-energy modes
i.e., E60 = E61 = 0 in Fig. 4(a) while (b1)-(f2) for multiple
pairs of Floquet Majorana states corresponding to five pairs
of modes close to zero energy in Fig. 4(b).
C. Floquet spectrum
The Magnus expansion up to a given order might give
artifacts such as a dependence of the quasienergy spec-
trum on the driving phase or the initial time t0 considered
for the calculation of the one-period time evolution oper-
ator U(t0+T, t0). This problem can be overcome by using
the van Vleck expansion9 or the Brillouin-Wigner the-
ory46. The consideration of the van Vleck expansion up
to the first order [i.e. considering only the first two terms
in Eq. (13)] gives the same results (e.g., an existence of a
single Majorana pair) as those in this paper in the high
frequency limit, because the commutator [H˜k,−1, H˜k,1]
equals to zero as shown in Eq. (A10). It is nevertheless
true that the driving-phase dependence in the Magnus
expansion up to the first order, that does not cause any
change of the spectrum within the order ∝ 1/ω, can con-
tribute to finite corrections to the quasienergy spectrum9
after including the second-order terms (∝ 1/ω2). This
implies that our consideration of the communicators i.e.,
[H˜k,0, H˜k,1] and [H˜k,0, H˜k,−1] in Eq. (13) could provide
indications of an existence of multiple Majorana pairs.
In order to verify our result on multiple Majorana pairs
induced by a low-frequency driving, we numerically cal-
culate the quasienergy spectrum of the time-dependent
Hamiltonian by using the Floquet theory29,47,48. In-
serting the Floquet state |ψ(t)〉 = e−it|ζ(t)〉 into the
Schro¨dinger equation i∂t|ψ(t)〉 = H(t)|ψ(t)〉, we have the
Floquet equation HF|ζ(t)〉 = |ζ(t)〉 with the Floquet
Hamiltonian given by
HF = H(t)− i∂t. (39)
In an expanded Hilbert space where |ζ(t)〉 =∑
m e
imωt|ξm〉48, the Floquet equation becomes∑
m′
HFm,m′ |ξm′〉 = |ξm〉, (40)
where
HFm,m′ = mωδm,m′ +
1
T
∫ T
0
dtH(t)ei(m′−m)ωt. (41)
Here H(t) = H0 +HD cos(ωt) and is obtained by rewrit-
ing the time-dependent Hamiltonian [i.e., Eq. (1)] as
H(t) = 12f
†H(t)f with f † = (f†1 , · · · , f†N , f1, · · · , fN ),
and then the Floquet matrix elements become HFm,m =
mω +H0 and HFm,m+1 = HFm+1,m = 12HD. An example
of H with N = 4 is provided in Appendix B.
The Floquet quasienergy spectrum can be obtained
from the numerical diagonalization of the Floquet Hamil-
tonian with matrix elements given by Eq. (41). In this
calculation, a small number of sites, i.e., N = 30 (instead
of N = 60 in Figs. 4 and 5) and m = 0,±1, · · · ,±M
with M = 30 are considered. The Floquet Hamiltonian
is then a 2N ′-by-2N ′ matrix with N ′ = N(2M + 1) =
1830. The resulting energy spectrum Eν is presented
in Fig. 6. In the high driving frequency limit, three
intervals in the spectrum are shown in Figs. 6(a), (b),
and (c) respectively. A single pair of Majorana states
at the quasienergy  = αω (α = 0,±1,±2, · · · with
ω = 1000w1) appears in the spectrum. When a driv-
ing frequency falls short of the high frequency limit, Fig-
ure 6(d) clearly shows three pairs of Majorana edge states
9FIG. 6: The quasienergy spectrum Eν of the Floquet Hamiltonian [i.e., Eq. (39)] versus the index ν. We take w1/ω = 0.001
and w0 = 0.16w1 in (a), (b), (c) and w1/ω = 3.125 and w0 = 0.45w1 in (d). Other parameters are ∆ = 0.16w1, µ = −0.01w1,
N = 30, and m = 0,±1, · · · ,±30 in Eq. (40).
exactly at the quasienergy  = αω (α = 0,±1,±2, · · ·
with ω = w1/3.125) in each case.
Although parameters with different values from those
used in Fig. 4 are considered in Fig. 6, results in Fig. 6(b)
would become identical to those in Fig. 4(a) when the
same parameters, e.g., w0 = ∆ = 0.028w1 are used,
as demonstrated in Fig. 7(a), indicating that our nu-
merical calculation gives the same results as those from
analytical derivations in the high frequency limit (e.g.,
w1/ω = 0.001). These different parameters are, however,
needed for the quasienergy spectrum to show three pairs
of Majorana states in Fig. 6(d). The deviation of the
conditions for the existence of multiple Majorana pairs
in Fig. 6(d) from those in Fig. 4(b) is not only due to
neglecting terms ∝ 1pω with (p = ±2, · · · ) in the Mag-
nus expansion in Eq. (13). It is also due to neglecting
the second-order terms (∝ 1/ω2) that do contribute to
the driving-phase-independent second-order corrections
of the quasienergy spectrum9. Therefore, it would be ex-
pected that this deviation decreases when increasing the
driving frequency [note that numerical and analytical re-
sults in the high frequency limit are identical, as shown
in Figs. 4(a) and 7(a)]. We now provide an evidence
of the above explanation of the deviation by comparing
the energy spectra from analytical and numerical calcu-
lations with same parameters. It is shown that the in-
crease of the driving frequency ω, e.g., from w1/6.989 in
Fig. 7(b) to w1/3.125 in Fig. 7 (c) does reduce the devia-
tion between analytics and numerics, although these new
parameters only support a single Majorana pair. Finally
we want to emphasize that our analytical calculations, al-
though not giving quantitatively precise conditions, are
necessary to identify regimes where interesting effects oc-
cur and to better understand the underlining conditions
(e.g., when two terms in the effective Hamiltonian cancel
at fine-tuned points).
Similar to Fig. 5, Fig. 8 shows the spatial profile (i.e.,
ηn
′
N ′−i and η¯
n′
N ′−i with i = 0, 1, 2 and N
′ = 1830 obtained
from eigenfunctions of the Floquet Hamiltonian) of the
zero-energy modes with Eν = 0 [see Fig. 6(d)]. Besides a
single Majorana pair in the high driving frequency limit
in Fig. 8(a1) and(a2), three pairs of well-localized Ma-
jorana edge states induced by a low-frequency driving
are also observed in Fig. 8(b1)-(d2), verifying the results
of zero-energy modes in Fig. 6(d). In a word, the Flo-
quet quasienergy spectrum and the spatial profiles of the
Floquet Majorana states do provide an evidence of the
existence of multiple pairs of Majorana edge states when
considering a driving field deviated from the high fre-
quency limit.
VI. DISCUSSIONS AND CONCLUSIONS
Given the known correspondence between the Kitaev
chain and the one dimensional transverse Ising model49,
there is an effective spin representation for our effec-
tive Hamiltonian obtained above. Specifically, we ap-
ply the inverse Jordan-Wigner transformation50,51 σ+j =
10
FIG. 7: (a) The energy spectrum Eν from numerical cal-
culation with the same parameters as those for analytics in
Fig. 4(a) in the high frequency limit e.g., w1/ω = 0.001.
(b) and (c) The comparison of energy spectra from analyt-
ics (green circles) and numerics (red upper angles) with the
increase of the driving frequency from w1/ω = 6.989 in (b)
to w1/ω = 3.125 in (c), and other parameters are same as
those in Fig. 4(b). Note that we consider the same number of
lattice sites N = 60 as that in Fig. 4 which is different from
N = 30 in Figs. 6 and 8.
FIG. 8: The spatial profile ηn
′
N′−i and η¯
n′
N′−i with i = 0, 1, 2
and N ′ = 1830 of Floquet Majorana states versus the index
n′. (a1) and (a2) are for two zero-energy modes i.e., E1830 =
E1831 = 0 in Fig. 6(b) while (b1)-(d2) correspond to three
pairs of zero-energy modes in Fig. 6(d). Other parameters as
shown in the panels are same as those in Fig. 6.
f†j
∏j−1
m=1(2f
†
mfm − 1) and σ−j =
∏j−1
m=1(2f
†
mfm − 1)fj on
Eq. (26) and obtain an equivalent Hamiltonian in terms
of spin operators, namely,
H˜eff =
∑
j
{
− µ
2
σxj −
w0
4
(σyj σ
y
j+1 + σ
z
jσ
z
j+1)
+
µ∆
ω
(σzjσ
z
j+1 − σyj σyj+1)
+
∞∑
m=0
2m+3∑
r=1,3,···
C1D1
2
(σyjM
x
j,rσ
y
j+r + σ
z
jM
x
j,rσ
z
j+r)
−
∞∑
m=0
2m+1∑
r′=1,3,···
C2D2
2
(σzjM
x
j,r′σ
z
j+r′ − σyjMxj,r′σyj+r′)
−
∞∑
m=0
2m+3∑
r=1,3,···
C3D3
2
(σzjM
x
j,rσ
z
j+r − σyjMxj,rσyj+r)
}
,
(42)
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where
Mxj,χ =
j+χ−1∏
m=j+1
σxm, χ = r, r
′. (43)
It shows long-range many-body spin interactions with
strengths C1D1/2, C2D2/2, and C3D3/2 that corre-
spond to long-range tunneling and pairing interactions
in Eq. (26). Note that the spin interactions involving C1
and C3, and the nearest-neighbor spin interaction with
the strength µ∆/ω are leading corrections to the high-
frequency limit.
The multiple pairs of Floquet Majorana modes have
been demonstrated previously in the entire region of the
phase diagram in Ref. 28 where the periodic δ-function
kicks in the chemical potential and hopping terms were
considered. The multiple Majorana pairs presented in
our paper are, however, based on a different driving pro-
tocol, namely harmonically driven tunneling interactions.
We have verified (but not included in this paper) that
multiple Majorana pairs together with long-range inter-
actions do not appear when considering the harmonic
driving of the chemical potential29, which is consistent
with numerical results of two end states in Ref. 28. Our
paper shows the existence of multiple pairs of Majorana
edge states for certain parameters and an extension of
these isolated points to entire regions of phase diagram
might be possible.
For a Kitaev chain with or without high frequency driv-
ing, there would be two edge states. The overlap of their
wavefunctions results in a Majorana splitting ∝ e−L/ξ
where L is the length of the chain and ξ is the corre-
lation length. When considering a driving falling short
of the high frequency limit, we have shown that several
edge states at each end of the chain appear. To make the
Majorana splitting negligible compared with all relevant
energy scales, two nearest-neighboring edge states should
be sufficiently well separated. The detail investigation of
Majorana mode splitting of our effective long-range in-
teracting model will be performed in our future work.
We believe that it is possible to observe experimentally
the effects of the driving frequency away from the high
frequency limit on the Floquet engineering of long-range
p-wave superconductivity and Floquet Majorana edge
states deduced in this paper. This is because the tunnel-
ing of carriers can in general be tuned via the gate volt-
ages in quantum-transport experiments. Possible physi-
cal realizations include a ferromagnetic atomic chain on
a superconductor35, a one-dimensional wire with Rashba
spin-orbit interaction37, and a semiconductor quantum
dot coupled to superconducting grains52.
We have studied the effects of the leading correction
in terms of the inverse driving frequency on the Flo-
quet engineering of long-range p-wave superconductiv-
ity in a Kitaev chain. We find that the leading correc-
tions can generate new long-range p-wave pairing interac-
tions, which could appreciably correct the ones present
at the high-frequency limit when the interaction range
increases. We also find that long-range tunneling interac-
tions and nearest-neighbor p-wave pairings can be gener-
ated when applying a broad range of driving frequencies.
In addition, we show the leading corrections can give de-
tectable multiple pairs of Floquet Majorana edge states
that is destroyed at the high driving frequency limit.
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Appendix A: Derivation of Eq. (14)
The Fourier components given in Eq. (11) for p = 0,±1
become
H˜k,0 = Aσzk − iBJ0σ+k + iBJ0σ−k , (A1)
H˜k,1 = −iBJ−1σ+k + iBJ1σ−k , (A2)
H˜k,−1 = −iBJ1σ+k + iBJ−1σ−k , (A3)
where
A = µ− w0 cos k, (A4)
B = ∆ sin k, (A5)
J0 ≡ J0
(w1
ω
cos k
)
, (A6)
J±1 ≡ J±1
(w1
ω
cos k
)
. (A7)
Their commutators are obtained as[
H˜k,0, H˜k,1
]
= −2ABJ1σyk + 2B2J0J1σzk, (A8)[
H˜k,0, H˜k,−1
]
= 2ABJ1σyk − 2B2J0J1σzk, (A9)[
H˜k,1, H˜k,−1
]
= 0. (A10)
Here, we have used [σzk, σ
+
k ] = 2σ
+
k , [σ
z
k, σ
−
k ] = −2σ−k ,
[σ+k , σ
−
k ] = σ
z
k, and J−1 = −J1. Inserting these commu-
tators into Eq. (13), we have
H˜effk = H˜k,0 +
1
ω
{[H˜k,0, H˜k,1]− [H˜k,0, H˜k,−1]
+[H˜k,1, H˜k,−1]}
= Aσzk + iB
[
J0 − 4
ω
AJ1
]
(σ−k − σ+k )
+
4
ω
B2J0J1σzk. (A11)
Further inserting the expressions ofA and B, the effective
Hamiltonian in Eq. (14) is then obtained. Using H˜eff =
12∑
k>0 Ψ
†
kH˜
eff
k Ψk, the Hamiltonian in the reciprocal space
becomes
H˜eff =
∑
k>0
{(
µ− w0 cos k + 4J0J1
ω
∆2 sin2 k
)
×
(
f†kfk − f−kf†−k
)
− i
[(
J0 − 4µ
ω
)
∆ sin k
+
2w0J1
ω
∆ sin(2k)
](
f†kf
†
−k − f−kfk
)}
.(A12)
Appendix B: An example of H(t) in Eq. (41)
In this appendix, we provide an example of H(t) =
H0 + HD cos(ωt) that is used to construct the Floquet
Hamiltonian matrix in Eq. (41). Consider a chain with
four sites i.e., N = 4, we have
H0 =

µ −w02 0 0 0 −∆2 0 0
−w02 µ −w02 0 ∆2 0 −∆2 0
0 −w02 µ −w02 0 ∆2 0 −∆2
0 0 −w02 µ 0 0 ∆2 0
0 ∆2 0 0 −µ w02 0 0
−∆2 0 ∆2 0 w02 −µ w02 0
0 −∆2 0 ∆2 0 w02 −µ w02
0 0 −∆2 0 0 0 w02 −µ

(B1)
and
HD =

0 −w14 0 0 0 0 0 0−w14 0 −w14 0 0 0 0 0
0 −w14 0 −w14 0 0 0 0
0 0 −w14 0 0 0 0 0
0 0 0 0 0 w14 0 0
0 0 0 0 w14 0
w1
4 0
0 0 0 0 0 w14 0
w1
4
0 0 0 0 0 0 w14 0

.
(B2)
The quasienergy spectrum is then obtained from the di-
agonalization of the Floquet Hamiltonian with matrix
elements given by Eq. (41).
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